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Abstract
Recently, Sloane suggested the following problem: We are given n boxes, labeled 1, 2, . . . , n. For i = 1, . . . , n, box i weighs
(m − 1)i grams (where m2 is a ﬁxed integer) and box i can support a total weight of i grams. What is the number of different
ways to build a single stack of boxes in which no box will be squashed by the weight of the boxes above it? Prior to this generalized
problem, Sloane and Sellers solved the case m = 2. More recently, Andrews and Sellers solved the case m3. In this note we
give new and simple proofs of the results of Sloane and Sellers and of Andrews and Sellers, using a known connection with m-ary
partitions.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Sloane and Sellers [5] recently solved a certain box stacking problem. According to Andrews and Sellers [1], more
recently, Sloane suggested the following generalization of the problem:
We are given n boxes, labeled 1, 2, . . . , n. For i = 1, . . . , n, box i weighs (m− 1)i grams (where m2 is a ﬁxed
integer) and box i can support a total weight of i grams. What is the number am(n) of different ways to build a
single stack of boxes in which no box will be squashed by the weight of the boxes above it?
The allowable stacks of boxes for a2(4) = 14 are given in both [5] and [1]. Let us here give the allowable stacks for
a3(7) = 22. Including the empty stack, these are
E-mail address: rodseth@mi.uib.no.
0012-365X/$ - see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2006.03.051
2006 ]ystein J. RZdseth / Discrete Mathematics 306 (2006) 2005–2009
while the stacks
collapse (together with many more).
The problem solved by Sloane and Sellers is the case m = 2, that is, they obtained a closed form for the generating
function
∑∞
n=0a2(n)xn. Using MacMahon’s partition analysis, Andrews and Sellers [1] found a nice closed form for
the generating function of am(n), valid for any ﬁxed m3. In this note we present new and simple proofs of the results
of Sloane and Sellers and of Andrews and Sellers, using the bijection introduced in [3].
2. Non-squashing partitions
Let m2 be a ﬁxed integer. A partition of the natural number N,
N = p1 + p2 + · · · + pk , (1)
is m-non-squashing if p11, and
(m − 1)(p1 + p2 + · · · + pj )pj+1 for 1jk − 1. (2)
If the boxes in a stack (as explained in Section 1) are labeled (from the top) p1, p2, . . . , pk , the stack will not collapse
if and only if the corresponding partition is m-non-squashing. (For k = 0 we have the non-collapsing empty stack.)
The number am(n) is equal to the total number of m-non-squashing partitions which have distinct parts and involve
no part greater than n. The difference between the two cases m= 2 and m3, lies in the fact that for m= 2 (and k2)
we must, in addition to p11 and (2), require p1 <p2 for the parts to be distinct. For m3, the properties p11 and
(2) imply that the parts are all distinct without further restrictions. Because of this difference, we treat the two cases
separately after some common considerations.
Let gm(N) denote the number of m-non-squashing partitions with distinct parts and with largest part equal to N. We
set gm(0) = 1 to count the empty stack. We have
am(n) =
n∑
N=0
gm(N),
so that
∞∑
n=0
am(n)x
n = 1
1 − x
∞∑
N=0
gm(N)x
N
. (3)
3. A bijection
LetAk(N) denote the set of m-non-squashing partitions (p1, . . . , pk) of N into exactly k parts pi satisfying p11,
(1), and (2). Let Bk(N) denote the set of m-ary partitions (1, . . . , k) of N with largest part mk−1, that is,
N = 1mk−1 + 2mk−2 + · · · + k ,
where 11 and 2, . . . , k0.
By [3, Section 2], we have a bijection
 :Ak(N) −→ Bk(N),
where (p1, . . . , pk) = (1, . . . , k) is given by
M
⎛
⎝p1...
pk
⎞
⎠=
⎛
⎝ 1...
k
⎞
⎠ ,
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for
M =
⎛
⎜⎜⎜⎜⎝
1 0 . . . 0 0
1 − m 1 . . . 0 0
1 − m 1 − m . . . 0 0
...
...
...
...
1 − m 1 − m . . . 1 − m 1
⎞
⎟⎟⎟⎟⎠ ∈ SLk(Z).
We have⎛
⎝p1...
pk
⎞
⎠= M−1
⎛
⎝ 1...
k
⎞
⎠ , (4)
where
M−1 =
⎛
⎜⎜⎜⎜⎝
1 0 . . . 0 0
m − 1 1 . . . 0 0
(m − 1)m m − 1 . . . 0 0
...
...
...
...
(m − 1)mk−2 (m − 1)mk−3 . . . m − 1 1
⎞
⎟⎟⎟⎟⎠ . (5)
Now to gm(N). Instead of counting m-non-squashing partitions (p1, . . . , pk), we will count corresponding m-ary
partitions (p1, . . . , pk) = (1, . . . , k). We have 1 = p1, such that p11 if and only if 11. For m = 2 (and k2),
we have −p1 + p2 = 2, such that p1 <p2 if and only if 21. Recall that for m3, the conditions p11 and (2)
imply that all the parts pi are distinct. Moreover, for any m2, we have, by (4) and (5), that the largest part pk in the
non-squashing partition (p1, . . . , pk) satisﬁes
pk = 1(m − 1)mk−2 + 2(m − 1)mk−3 + · · · + k−1(m − 1) + k .
Thus we have
∞∑
N=0
gm(N)x
N = 1 +
∞∑
k=1
∑

x1(m−1)mk−2+2(m−1)mk−3+···+k−1(m−1)+k , (6)
where the inner summation is over  = (1, . . . , k) as described above (and repeated below). We now look separately
at the cases m = 2 and m3.
4. The case m= 2
In (6) we sum over  = (1, . . . , k) satisfying 1, 21, 3, . . . , k0. We get
∞∑
N=0
g2(N)x
N = 1 +
∑
11
x1 +
∑
1,21
x1+2 +
∞∑
k=3
∑
1,21
3,...,k0
x12
k−2+22k−3+···+k−1+k
= 1 + x
1 − x +
x2
(1 − x)2 +
∞∑
k=3
x2
k−2+2k−3
(1 − x2k−2) · · · (1 − x2)(1 − x)2
= 1
1 − x
(
1
1 − x − x +
∞∑
i=1
x3·2i−1∏i
j=0(1 − x2j )
)
.
By (3), we now have
∞∑
n=0
a2(n)x
n = 1
(1 − x)2
(
1
1 − x − x +
∞∑
i=1
x3·2i−1∏i
j=0(1 − x2j )
)
, (7)
as in Corollary 9 of Sloane and Sellers [5].
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Sloane and Sellers write f (n) for a2(n). The ﬁrst several values of f (n) = a2(n) can be found in Sloane’s On-Line
Encyclopedia of Integer Sequences [4, Sequence A089054].
5. The case m3
Fix m3. In (6) we now sum over  = (1, . . . , k) satisfying 11, 2, . . . , k0. We get
∞∑
N=0
gm(N)x
N = 1 +
∑
11
x1 +
∞∑
k=2
∑
11
2,...,k0
x1(m−1)mk−2+2(m−1)mk−3+···+k−1(m−1)+k
= 1 + x
1 − x +
∞∑
k=2
x(m−1)mk−2
(1 − x(m−1)mk−2) · · · (1 − xm−1)(1 − x)
= 1
1 − x
(
1 +
∞∑
i=0
x(m−1)mi
(1 − xm−1)(1 − x(m−1)m) · · · (1 − x(m−1)mi )
)
.
An easy induction on r gives the following identity between rational functions in the indeterminates xi (over any ﬁeld):
1 +
r∑
i=0
xi
(1 − x0)(1 − x1) · · · (1 − xi) =
r∏
i=0
1
1 − xi ,
cf. [2]. Putting xi = x(m−1)mi and letting r → ∞, we further get
∞∑
N=0
gm(N)x
N = 1
1 − x
∞∏
i=0
1
1 − x(m−1)mi .
By (3), we now have
∞∑
n=0
am(n)x
n = 1
(1 − x)2
∞∏
i=0
1
1 − x(m−1)mi , (8)
which is Theorem 1.1 of Andrews and Sellers [1].
Notice that if we set m = 2 in (8), we do not get (7). As explained in Section 2, this is due to the fact that for m = 2
we have the “extra” constraint p1 <p2.
We refer to sequences A090631 and A090632 in Sloane’s OEIS for the ﬁrst several values of a3(n) and a4(n),
respectively.
6. Congruences
Due to the form of the generating function (8), there is an abundance of congruences for am(n) for m3. For
example, by expanding (1 − x)−2 in (8), we obtain
∞∑
n=0
am(n)x
n =
∞∑
n=0
(n + 1)xn
∞∏
i=0
1
1 − x(m−1)mi .
Let d |m − 1, and compare terms where the exponent of x is congruent to −1mod d. We get
∞∑
n=1
am(dn − 1)xdn−1 =
∞∑
n=1
dn xdn−1
∞∏
i=0
1
1 − x(m−1)mi . (9)
Hence,
am(dn − 1) ≡ 0 (mod d) for d | m − 1.
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Next, let d = m − 1. Multiply (9) by x and replace xm−1 by x. Then we get
∞∑
n=1
am((m − 1)n − 1)xn = (m − 1) x
(1 − x)2
∞∏
i=0
1
1 − xmi .
Starting with this identity and using tools from [3, Section 3], an easy induction gives a generating function identity
with the consequence
2ram((m − 1)mrn − 1) ≡ 0 (mod(m − 1)mr).
The challenge is to ﬁnd congruences for f (n) = a2(n) in (7) modulo (high) powers of 2.
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